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In this paper, we have established for the first time Opial-type integral 
inequalities involving a function and several higher order derivatives, which contain 
some known results of P. R. Beesack and K. M. Das (Pacific J. Math. 26, 1968, 
215-232) and K. M. Das (Proc. Amer. Marh. Sot. 22, 1969, 258-261). Some discrete 
Opial-type inequalities will also be studied. In the special cases they are similar to 
those of J. S. W. Wong (Cunad. Moth. BUN. 10, 1967, 115-118) and C. M. Lee 
(Cunad. Math. Bull. 11, 1968, 73-77). Finally two examples are given to illustrate 
the application of our inequalities in differential equations. c 1992 Academic Press. Inc. 
In 1960, Opial [l] presented an interesting inequality which is called 
Opial’s inequality afterwards. Because Opial-type inequalities have impor- 
tant applications in the theory of ordinary differential equations and 
boundary value problems, they have been given considerable attention. 
A large number of papers have appeared in the literature, for example, 
P. R. Beesack and K. M. Das [3], K. M. Das [4], C. M. Lee [S], 
D. S. Mitrinovic [7], W. Z. Chen [S], etc. 
In 1968, D. Willett [2] considered the Opial-type inequality which 
involves a higher order derivative. Later K. M. Das [3] found a more 
general result. But all generalizations of Opial-type inequalities only 
involve a higher order or one order derivative at the left side of the 
inequality until now. In this paper, Opial-type integral inequalities 
involving several higher order derivatives are newly established, which 
contain some known results of Beesack and Das [3], Das [4]. By 
establishing a discrete inequality which is similar to the Taylor expansion 
with the integral remainder term, we obtain a discrete analogue of 
Theorem 1. In the special cases they are similar to those of J. S. W. Wong 
[6] and C. M. Lee [S]. Finally we study the new application of our 
inequalities in differential equations. 
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To state conveniently, we define 
P= i Pi, 
n-1 
Q= n [(n-i-l)!]“‘, 
i=O i=O 
~~(~)=j~ (x-t)(“~i-l)(~I(~-ll))r-ll(~~l)dt, 
a 
n-1 (P-PnVP 
K(h, r) = 1’” h (P/(P-P.)r-Pfll(P-Pfl) 
a 
PO RYcp- 
l)/(P-Pn) dx 1 
THEOREM 1. Let pi (i = 0, 1, . . . . n) be nonnegative real numbers satisfying 
Crzo pi>p,>O, p> 1, and let u(x) be of class c” on a<x< b satisfying 
u(a) = u’(a) = . . . = ucnel) (a) =O. Suppose that h(x), r(x) are positive 
functions on a< x < 6, such that R,(x) < +oo, k(h, r) < +a~. Then we have 
s 
u h I,@)1 Pn ‘fil J,(i)1 P, dx < pnip K(h, r) b r [@)I p dx (1) 
b i=O 
s Qcl ’ 
Proof: From the initial value condition of u and the Taylor expansion 
with the integral remainder term, we have 
u(i)(x) = 1 
5 
x 
(n-i-l)! (I 
(x-t)--’ u’“‘(t) dt, i=O, 1, . . . . n- 1. 
For a < x < b, using the Hblder inequality we obtain 
1 
(n-i-1)! 
I, 
: (X-t)(“~‘-‘)PI(P--l)r~ll(P--l)df 1 
(P-U/P 
< 
D 
x 
I 
l/P 
X r Ju(“)I p dt 
(I 
1 
=(n-i-l)! Rip-‘)‘p 
We define 
y(x) = lx r Iu(“)( p dt. 
0 
Obviously, here we have 
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4’(u) = 0, 
y’ zz y /@?)I p, IuW)l = r LPl.‘b, 
(U(“(X)I d 
(n-L l)! 
Rj” - 1 )‘/y.“, i=o, 1, . ..) n- 1. 
Applying (2), (3), and the HGlder inequality, we obtain 
(2) 
(3) 
I 
’ h J~(~~)IP~ nfI’ Iu(i)lpz dx 
0 i=O 
s 
b n-1 < h,. - Pnhy’Pn/P 
a a 
1 1 
PI n-1 n-l 
;=. (n-i-l)! 
iGo Ry(“- l)lP n yP”J’ & 
,=O 
1 b 
=- 
s e CJ 
h,. -P./P (10; Rp.cP-“,P) y(l/P)~.:=;:PtyrPn/P dx 
=; lab hYpPn,P (10; R,,PP1)/P) y’P-P~‘IPy’P~~P& 
1 b n-1 (P~PdlP 
6- 
[, e a 
hP/(P - Pm+ -PdP ~ Pn) 
( 
iFo RF(PFI)l(P-Pn) > 1 dx 
b 
X 
[s 
P.lP 
#P - PdPny’ & 
0 1 
=; K(h, r) [j;;,’ y(P--PdPn dy]“” 
P.lP 
y(b) 
I 
b 
r Iu(“)I p dx 
QU ’ 
This completes the proof of Theorem 1. 
In the case when r = 1, Theorem 1 is interesting and practical. For 
convenient use, we list it. 
COROLLARY 1. Zf the conditions hold in Theorem 1 and r(x) E 1, then we 
have 
h I,(“)JP. jj’ lu(‘)lPz dx 
i=O 
(4) 
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where 
E= p; (,(n”-i;- JCp- lVp 
w(h) = j" hP/(P-P.) 
[ 
(x-a)(PI(P-P"))~~=dcn-i,p,~I dx1 
(P-P.VP 
0 
Remark 1. In the special case when n = 1, Theorem 1 reduces to the 
inequality 
s b p”(po+p’) h (u(PO (u’(P’ dx < a K(h, r) job r (u’(W+PI dx, 
where 
1” h(PO+Pd/Po,.-pdpo (1’ r~l/(po+p,-l)~~~+p’~‘d,]po’~po+p’~~ 
a a 
This is Theorem 1 of Beesack and Das [3]. 
Remark 2. It is interesting to note that in the special case when 
h(x) - 1, p. > 0, and pi = 0, i = 1,2, . . . . n - 1, our Corollary 1 reduces to 
the inequality 
lulPo Iu(dIP.dx< pe’(po+p”) n(po+z-h-l) 1 
PO(PO + Pn - 1 Mm, + P”) 
(p. +pJW)” Go + P,) - 1 
x (b - a)nJ’o j” Iu(“)IJ’O+Pn dx, 
a 
which is the theorem of Das [4]. 
To study a discrete analogue of Theorem 1, we need to establish two 
lemmas. 
As usual, we define 
dYi=Yi+ 1 -Yip 
Aky;=Akp’yi+,-Akplyi, 
and provide 
iFD Yi=O, ilI, Yi= l7 
where 0 is the empty set. 
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LEMMA 1. Let (uif, {v,} h e t wo real sequences. The jtillowing identit? 
holds: 
,I- I I 
c v,Au,=u,,c,,-u,c,-‘I~ u,+, Au,. (5) 
i=o r=O 
Prooj: For every natural number i, 
A(uiu,) = ui+ 1 vi+, - uiv, 
=UZ+I Avi + v, Aui. 
That is, vi Au, = A(u,u,) - u,, L Au,. 
Substituting i = 0, 1, 2, . . . . n - 1 and adding in the last equality, we have 
n-l n-l n-l 
1 v, Auj= 1 A(u,v,) - c ui+, Avi 
i=O r=O i=o 
n-l 
= u,u,--uovo- c ui+l At+. 
i=O 
The proof of Lemma 1 is complete. 
The Taylor expansion with the integral remainder term plays an 
important role in the proof of Theorem 1. No expansion can be used for 
the discrete case, so we deduce an inequality which is similar to the Taylor 
expansion with the integral remainder term. 
LEMMA 2. Let {ui}, {Aui), . . . . (Akui} be nonnegative sequences and 
satisfy uo=Auo= ... =Ak-‘uO=O, then 
1 n-l 
un6(m- l)! j=. 
___ c (n-j- l)“-’ A’%,, 
n-1 
“‘u,tG(k-~-l)! j;. (n-j-l)k-ip’AkUj, 
Proof: When m = 1, (6) holds obviously. We 
holds when m = t, where 1 <t < k- 1. From 
Lemma 1, and dfuo = 0, we have 
(n-j- I)‘-’ Afuj 
1 n-l 
<- c A%, 
(t-l)! j-0 
m<k (6) 
O<i<k-1. (7) 
now suppose that (6) 
inductive assumption, 
x (n-j-l)t-l + (n-j-l)‘-2 (n-j) + . . . + (n-j-f)(,-j)‘-2 + (n-j)rmr 
t 
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=-- ;, ;g’ d’uj[(n-j-1)‘-‘+(n-j-1)‘P2(n--j)+ . . . 
* .I--0 
+(n-j-l)(?I-j)tP2f(,-j)t-1][(n--j-l)-((n--j)] 
= -;li YE1 A’u,[(n-j- l)‘-(n-j)‘] 
’ J-0 
= -; nyl A’ujA[(n-j)‘] 
* J-0 
This completes the proof of (6). Substituting A%, for U, and setting 
m = k - i, we can get (7). The proof of Lemma 2 is complete. 
Similarly, we define 
P= i Pi, 
k-l 
Q= n [(k-i-l)!-JP: 
i=O i=o 
x-1 
R,= c (X--j-ll)(k-‘~‘)~l(~--l)r~~l/(~--l), 
j-0 
n-1 k-l 
1 
(P-PkVP 
c h$/(P-Pd,.;Pk/(P-Pk) ivo Rf;(P- I)/(P-Pk) 
x = 0 
THEOREM 2. Let pi>O, i=O, l,..., k-l, p>pk>o, p>l, {u,}, 
(Au,], . . . . {Aku,) be nonnegative sequences and satisfy u. = Au0 = . . . = 
Akdluo=O, h,>O, r,>O, then 
n-1 k-l 
--I- h,(Aku,)“” -n- (A’u,)P’ 
x=0 i=O 
“‘J’ !!$d 1;: ,.,(&,,)P. 
Proof For every natural number j, define 
j-l 
Yj= 1 rx(AkU.dP, 
x=0 
then we have 
(8) 
Yo=O, Ayj = rj(Akuj)“, Akuj= rJ:‘lp(Ayj)‘/p. (9) 
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From Lemma 2, (9), and the HGlder inequality, we obtain 
“~1 
=(kyi- l)! j& (n-j- llkpzm ‘r;l”P(A~,)‘pP 
n-l 
i;. (*-j- l)(k~i-l)pl(p~~‘)r,~‘l(p--l) 1 
CP- II/P 
IIP 
1 
=(k-i-l)! R!,P-l)‘pY:‘p. 
Using (9), (lo), and the Hijlder inequality, we have 
n-1 k-l 
c hx(AkuJPk n (A’u.J” 
x = 0 i=o 
n-l 
< c h,r;pk~P(Ay,)Pk’P 
Pk/P 
The proof of Theorem 2 is complete. 
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This theorem is also the first discrete inequality that involves a function 
and several higher order differences in the literature. 
COROLLARY 2. Zf the conditions hold in Theorem 2, then 
n-1 k-l 
xTo (dkUxYk n (~i%)p’ 
i=O 
x ,XfIi (k-i)n 
n-1 
Jo (dkUJP. (11) 
Proof: In Theorem 2 let rx - h, = 1, x = 0, 1, . . . . n, then 
P-1 
Ri”‘(k-i)p-l 
x((k-i)p--l)l(~--l) 
> 
wn = 1 
(P - PkVP 
Rf’(P- I)/(P - Pt) 
1 
(P-P&)/P 
xX(((k~I)P--l)/(P~l))‘(P,(P~l)I(P-Pk)) 
t(P/(P-Pk))Efzi (k-i)p,-1 
I 
(P - Pk)/P 
dt 
P-Pk 1 
(P-P!iVP 
X 
p ZZd (k- i)p, 
n (PAP - Pk)) E.rZ; (k ~ i) PI 
We put them into (8) and derive the desired inequality (11). 
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Remark 3. In the above Corollary 2 if k = 1, from ( 11) we have 
(12) 
This is an inequality which is similar to those of Wong [6] and Lee [S]. 
In my opinion, P. R. Beesack’s comment hat inequality (12) was superior 
to Lee’s inequality [S] in Zb1.399.26010 is not correct. Because when p, 
q 2 1, the inequality of Lee [S] is 
,1- I 
iTo (u;+,)P (Au,)%q(;;;J’ y (Aui)p+? 
,=O 
(13) 
Let p. = p, pi = q, although the right side of (12) is less than that of (13), 
yet the left side of (12) may be less than that of (13) for ui,< ui+ ,. Neither 
result can be compared. 
Remark 4. In the above Corollary 2, let p. > 0, pi = 0, i = 1,2, . . . . k - 1. 
From (11) we have 
n-l k(po+pk- 1) 
c UPO(AkUhPk 6 ,p-y;gy)po [k(po +Pk) _ 1] 
(PO+Pk-l)Pol(P0+Pk) 
j=O 
n-l 
x nkpo ,go (AkUj)po+Pk, 
analogue of the inequality of Das [4]. 
two examples to illustrate the application of our 
which is a discrete 
Now we give 
inequalities in differential equations. 
EXAMPLE 1. Suppose the following initial value problem 
~(4 + i h,(x) nfi’ (y”‘)“‘= 0, 
j=O r=O 
(14) 
y(a) = y'(a) = . . . = y'"-')(a) = 0. 
If pj=Cy:d pji> 1, h,(x),are continuous functions on a <x< b such that 
w(h,)< +a~, j= 1, 2, . . . . k, where 
w(hj)= i” Ih,(x)lP (x-a)B~.:=uZ(n~i-l)p,l~l dx]“‘, 
a 
P= Pj+ l 
Pj-Pj(n-1)’ 
then the solution to the problem (14) is y(x) = 0, a < x < b. 
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Proof Equation (14) can be written 
2Y (n) = - i j,(x) )j; (y”‘)PJ. 
j=l 
Multiplying y (np’) to both sides of the above equality, integrating both 
sides from a to x, and using y’“- “(a) = 0, we get 
ly@-‘)(x)lL (y’“-‘)(x))’ 
Ijj(s)l 1 y'"- ')I 1 +Pl(n-l) ,!. 1 ~“‘1 pit ds. (15) 
Applying Corollary 1 to the right side of (15), we have 
ly~"-')(x)12<,~l j; pi( Iy(n-ly+pJ'~-" 
n-2 
,‘IT, I PI ‘I8 ds 
< 5 M, sx Iy(“-l)lpl+l ds, 
j=l a 
(16) 
where 
Since y (n-‘)(a)=() and Y("~')( x is continuous, we obtain an interval ) 
[a, h] c [a, b] such that I y (+l)(x)I < 1 on [a, h], then 
ly(n-')(x)lp~+'< ly("-')(x)12, x E [a, h]. 
Putting it into (16), we have 
ly+1)(x)12< f &fj j- ly(n--l)lfi+l ds 
j=l a 
From the last inequality we get 
(y’“-“(X)1 zoo, 
that is, y (n-1yX)=O, XE [a, h]. 
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Combining it with the identities 
J “- l’(x) = y ‘)(a) + J‘ y”‘(S) & i= 1,2, . ..) n- I, 0 
we have 
y(x) z y’(x) E . . . E y’“- “(X) Ei 0, 
Especially, we have 
x E [u, h]. 
y(h)=y’(h)= . . =y’“-“(h)ZO. 
Taking h as the left end point of the new interval and repeating the same 
argument as used above, we obtain a new interval [h, h’] c [h, b] such 
that 
y(x) z y’(x) E . . . E y’“-“(X) E 0, x E [h, h’]. 
Continuing in this way, we derive 
y(x) E y’(x) = ‘. = y’“- “(X) E 0, x E [a, b]. 
Suppose the result is untenable, then there exists a point x0, a <x0 < 6, 
such that 
y(x) = y’(x) E . . . E y’“- l’(x) z 0, x E [a, x01, 
but in the right neighborhood of x0 not all y(x), v’(x), . . . . y’“-‘)(x) are 
identically vanishing. Since yt”- ‘) (x0) = 0 and y’” ~ i’(x) is continuous, we 
obtain a non-degenerate interval [x0, h,] c [a, b] such that I#“P’)(x)l 6 1 
on [x0, h,]. Imitating the same argument as used above, we derive 
y(x)-y’(x)= . . . =y(-‘) x 
with what we suppose. So ( ) = ” 
x E [x,, A,], which is in contradiction 
y(x) E y’(x) E . . . s y’” - ‘J(x) E 0, xECa,bl 
is surely tenable. 
EXAMPLE 2. Suppose the following initial value problem 
2y(n) + f(x, y, y’, . ..) y’“- 1’) = 0, (17) 
Y(Q) = Yo, y’(u) = y;, . ..) y’“-“(U) = yb”- ‘1, 
where f(x, sl, s2, . . . . s,) is defined on a domain B, c R”+ ’ which contains the 
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initial point. If for any two points (x, sl, ,.., s,), (x, t,, . . . . t,) E&, the 
following inequality holds 
Ifk Sl, *..9 &J-ff(x, t,, ‘..5 tn)l < i Ihj(x)l nfi’ Isi+l-ti+IIP”, (18) 
j=l i=O 
where k > 1, hj and pji satisfy the conditions of Example 1, then the solution 
to the initial value problem (17) is unique. 
Proof: Suppose y(x), U(X) are two arbitrary solutions to the problem 
(17). Let w(x) = y(x) - u(x), then 
w(a) = w’(a) = . . . = w(“- ‘)(a) = 0, 
2w(“)(x)= f(x # u' , 3 7 --., zF1))-f(X, y, y’, . ..) y’“-1’). 
Multiplying w (n-‘)(~) to both sides of the above equality and integrating 
both sides from a to x, we obtain 
(w(~-~)(x))~=~; w”-‘)(s)[f(s, u, u’, . . . . u’“-“)-f(s, y, y’, . . . . y’“-“)I ds. 
Taking the absolute values of both sides of the above equality and using 
the condition (18), we have 
Iw’“‘)(x)lq~ IMAn-1) I j$I Ihj(s)l ‘fI1 IwCi’IpJds 
i=O 
=j$l j-1 Ihi I~(~-l’l jj’ Iw”‘I@ds. 
i=O 
Imitating the same argument as used in Example 1, we have w(x) = 0, that 
is, y(x) = u(x). 
Remark 5. In the special case when f(x, y, y’, . . . . yCn-l))= 
Cy:,j a,(x) yCi) + a,(x), the result of Example 2 is the uniqueness theorem 
for an Nth order linear ordinary differential equation. 
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